Although the free-fall three-body problem have been investigated for more than one century, however, only four collisionless periodic orbits have been found. In this paper, we report 234 collisionless periodic orbits of the free-fall three-body system with some mass ratios, including three known collisionless periodic orbits. Thus, 231 collisionless free-fall periodic orbits among them are entirely new. In theory, we can gain periodic orbits of the free-fall three-body system in arbitrary ratio of mass. Besides, it is found that, for a given ratio of masses of two bodies, there exists a generalized Kepler's third law for the periodic three-body system. All of these would enrich our knowledge and deepen our understanding about the famous three-body problem as a whole.
I. INTRODUCTION
The famous three-body problem can be traced back to Newton [1] in 1680s, and attracted many famous mathematicians and physicists such as Euler [2] , Lagrange [3] and so on. Poincaré [4] found that the first integrals for the motion of three-body system do not exist, and besides orbits of three-body system are rather sensitive to initial conditions. His discovery of the so-called "sensitivity dependance on initial conditions" (SDIC) laid the foundation of modern chaos theory. It well explains why in the 300 years only three families of periodic orbits of three-body system were found by Euler [2] and Lagrange [3] , until 1970s when the Broucke-Hadjidemetriou-Hénon family of periodic orbits were found [5] [6] [7] [8] [9] . The famous figure-eight family was numerically discovered by Moore [10] in 1993 and rediscovered by Chenciner and Montgomery [11] in 2000. In 2013,Šuvakov and Dmitrašinović [12] made a breakthrough to find 13 new distinct periodic orbits by means of numerical methods, which belong to 11 new families. In recent years, periodic orbits of threebody problem have been paid much attention [13] [14] [15] [16] . In 2017 Li and Liao [15] found more than six hundred new periodic orbits of three-body system with equal mass, and in 2018 Li et al. [16] further reported more than one thousand new periodic orbits of three-body system with unequal mass, mainly because they can accurately simulate orbits of chaotic three-body systems in a long interval of time by means of a new numerical strategy, namely the clean numerical simulation (CNS) [17] [18] [19] [20] [21] [22] .
The initial conditions of the newly found periodic orbits [12] [13] [14] [15] [16] are isosceles collinear configurations. However, these is another configuration, called the free-fall three-body problem, which have been numerically investigated for more than one century. The free-fall threebody problem is also called Pythagorean problem, which was first numerically studied by Burrau [23] . Its first periodic orbit with a binary collision was found by Szebehely [24] . Its first collisionless periodic orbit was found by * sjliao@sjtu.edu.cn Standish [25] . In 1990s Tanikawa et al. [26] and Tanikawa [27] reported some collision orbits of the free-fall threebody problem. Moeckel et al. [28] proved the existence of periodic brake three-body orbits (i.e., periodic free-fall three-body orbits) with collision in the isosceles configuration. Tanikawa and Mikkola [29] located the initial conditions and periods of periodic free-fall three-body orbits with collision. Yasko and Orlov [30] found three collisionless periodic orbits while searching periodic free-fall three-body orbits. Orlov et al. [31] investigated periodic orbits of the free-fall three-body system with equal mass. In summary, so far, only four collisionless periodic orbits in the free-fall three-body problem have been found.
In this paper, we gain 234 collisionless periodic orbits in the free-fall three-body problem with different mass ratios by means of the the clean numerical simulation (CNS) [17] [18] [19] [20] [21] [22] , including one periodic orbit found by Standish [25] and two periodic orbits found by Yasko and Orlov [30] . Thus, 231 collisionless free-fall periodic orbits are entirely new.
II. NUMERICAL APPROACH OF SEARCHING FOR PERIODIC ORBITS
Let us consider planar three-body system with zero initial velocities and unequal masses. As shown in Figure 1 , the initial positions of body-1 and body-2 are located at points A (−0.5, 0) and B (0.5, 0), respectively, and the initial position of body-3 is at the point C (x, y) in the region D that is surrounded by the x and y axes and a circular segment of unit radius with the point A (-0.5,0) as the centre. Agekyan and Anosova [32] demonstrated that all possible configurations of the planar free-fall three-body system are included in the region D. For simplicity, let the Newtonian gravitation constant be equal to one.
Because the initial positions of body-1 and body-2 are fixed at point (−0.5, 0) and (0.5, 0), respectively, the initial position (x, y) of body-3 determines specific solutions of the free-fall three-body system. Here we denote y(t)=(r 1 (t), r 2 (t), r 3 (t),ṙ 1 (t),ṙ 2 (t),ṙ 3 (t)), where r i andṙ i (t) are the positions and velocities of the body-i (i=1,2,3), respectively. A periodic solution implies that y(t) returns to the initial condition y(t) = y(0) at time t = T , where T is the period. For specific numerical search of periodic free-fall three-body orbits, the return proximity function is
(1) Here we used the same strategy as that in our previous discovery of 1bout 2000 new periodic orbits of three-body system [15, 16] . First, we scan the initial positions (x, y) of body-3 in region D with steps of ∆x = ∆y = 0.0001. The motion equations of the free-fall triple system are numerically solved by means of the ODE solver dop853 [33] . The approximate initial conditions and periods are gained if the return proximity function is lower than 0.05. Then, we correct these approximate initial conditions (x, y) and the periods T by means of the NewtonRaphson method [34] [35] [36] . However, since some periodic three-body orbits might be lost by traditional numerical algorithms in double precision, we now integrate the motion equations by means of "clean numerical simulation" (CNS) [17] [18] [19] [20] [21] [22] . The CNS is based on the arbitrary order of Taylor series method [37] [38] [39] in arbitrary precision [40, 41] , plus a convergence verification using one more simulation with even smaller numerical noises. A periodic free-fall three-body orbit is obtained when the return proximity function is less than 10 −6 . For more details, please refer to Li and Liao [15] and Li et al. [16] . 
III. RESULTS
We focused our numerical search on collisionless periodic orbits in the free-fall three-body problem with period less than 200 and minimum distance between the bodies greater than 10 −6 . Similarly as we did before [15, 16] , we use Montgomery's topological classification method [42, 43] to identify periodic orbits. The positions of three-body system can be mapped to a point on a unit sphere surface. There are three singular points in the space sphere, corresponding to the three binary collision in the real space. A collisionless periodic orbit gives a closed cure around three singular points on the shape sphere. The free group words a and b represent a clockwise turn and counter-clockwise turn around each singular point, respectively. The letters A and B denote the opposite direction of a and b, respectively. The socalled "free group elements" of periodic orbits w can be written as w = w 1 w 2 w 3 · · · , where w i is any one of a, b, A and B.
We found 30 collisionless periodic orbits in the free-fall three-body system with equal mass (m 1 = m 2 = m 3 = 1). The initial conditions and periods of these periodic orbits are listed in Table A1 in the Appendix A. The free group elements of these periodic orbits are listed in Table A6 in the Appendix A.
In addition, we also gained collisionless periodic freefall three-body orbits in some cases of unequal masses, as shown in Table I . In summary, we totally found 234 collisionless periodic orbits in the free-fall three-body problem with different mass ratios. The initial conditions and periods of these periodic orbits are listed in Tables A1-A5 in movies in the real space and shape sphere are given on the website: http://numericaltank.sjtu.edu.cn/ free-fall-3b/free-fall-3b.htm. The periodic orbit F 1 (0.6, 0.8, 1) was found by Standish [25] , and the periodic orbits F 1 (1, 1, 1) and F 2 (1, 1, 1) were found by Yasko and Orlov [30] (corresponding to their Oribt 16 and 17), respectively. Except for these three periodic orbits, 231 collisionless periodic orbits are entirely new. Note that one periodic orbit, named Orbit 19 in Ref. [30] , is not found in this paper, because the initial condition of that orbit is not in the region-D considered in this paper.
Although only a few cases of mass ratio listed in Table II are considered here, in theory, we can similarly gain collisionless periodic orbits of the free-fall three-body system in arbitrary ratio of mass. So, theoretically speaking, there should exist an infinite number of periodic orbits of the free-fall three-body system.
It is found that all bodies of these periodic orbits have zero velocities at time t = T /2, where T is the period. After t = T /2, the three bodies will go back to the initial positions along the original trajectories. For example, the initial conditions and periods of six newly found collisionless periodic free-fall three-body orbits are listed in Table II , and their trajectories in real space are shown in Fig. 2 . So, it seems that all periodic trajectories of the free-fall three-body system are not closed. This is quite different from the periodic orbits of three-body system with nonzero initial velocities.
Li and Liao [15] found that the periodic orbits with equal mass and initial conditions in case of isosceles collinear configurations have scale-invariant average pe- 
433, where T is the period, L f is the length of free group element, and E is the total energy of periodic orbits, respectively. For the collisionless free-fall periodic orbits with equal mass (m 1 = m 2 = m 3 = 1), we have the scale-invariant average periodT * ≈ 2.363, which is close to 2.433 with error of 3%. It suggests that the scale-invariant average period of the periodic three-body orbits with equal mass (m 1 = m 2 = m 3 = 1) should be indeed approximately equal to a universal constant for different configurations, say, a generalized Kepler's third law for the periodic three-body system [15, 16, 44] should exist in general. For periodic orbits with unequal mass and initial conditions in case of isosceles collinear configurations, Li et al. [16] found that the scale-invariant average periods increase linearly with m 3 in case of m 1 = m 2 = 1. In this paper, for free-fall periodic orbits in case of m 1 = 1 and m 2 = 0.8, the scale-invariant average period is equal to 1.663, 1.191, 0.776 and 0.527 when m 3 = 0.8, 0.6, 0.4 and 0.2, respectively. It is also found that the scale-invariant average periods increase linearly with m 3 , too, as shown in Fig. 3 . This further suggests that these should indeed exist the so-called generalized Kepler's third law for the periodic three-body system in general.
IV. CONCLUSIONS
Although the free-fall three-body problem have been numerically investigated for more than one century, however, only four collisionless periodic orbits have been found. In this paper, we report 234 collisionless periodic orbits of the free-fall three-body system with some mass ratios, including one periodic orbit found by Standish [25] and two periodic orbits found by Yasko and Orlov [30] . Thus, 231 periodic orbits among them are entirely new. In theory, we can similarly gain periodic orbits of the free-fall three-body system in arbitrary ratio of mass. Besides, it is found that, for a given ratio of masses of two bodies, there exists a generalized Kepler's third law for the periodic three-body system. All of these would enrich our knowledge and deepen our understanding about the famous three-body problem as a whole.
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